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In a spatially flat Friedmann-Lemaˆıtre-Robertson-Walker universe, the incorporation of bulk vis-
cous process in General Relativity leads to an appearance of a nonsingular background of the universe
that both at early and late times depicts an accelerated universe. These early and late scenarios of
the universe can be analytically calculated and mimicked, in the context of General Relativity, by
a single scalar field whose potential could also be obtained analytically where the early inflationary
phase is described by a one dimensional Higgs potential and the current acceleration is realized by
an exponential potential. We show that the early inflationary universe leads to a power spectrum
of the cosmological perturbations which match with current observational data, and after leaving
the inflationary phase, the universe suffers a phase transition needed to explain the reheating of the
universe via gravitational particle production. Furthermore, we find that at late times, the universe
enters into the de Sitter phase that can explain the current cosmic acceleration. Finally, we also
find that such bulk viscous dominated universe attains the thermodynamical equilibrium, but in an
asymptotic manner.
PACS numbers: 98.80.Bp, 98.80.Cq, 98.80.Jk
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1. INTRODUCTION
Observational evidences [1–3] suggest that, currently our universe is experiencing a phase of accelerated expansion.
This acceleration is not unique since according to both theoretical and observational arguments, our universe had
experienced another accelerating phase that occurred during its very early evolution, named as inflation [4, 5] (see
also [6] and the references therein). The observational results further inform that in between these two accelerating
phases separated by a long interval of cosmic time, the intermediate stage of the universe was decelerating and such
decelerating phase of the universe had been dominated with different kind of fluids − primarily by relativistic radiation
and then by non-relativistic matter. In order to account of such complete universe evolution, attempts have been
made in the past either with some matter modifications in general relativity or with different gravity theories other
than general relativity. Nevertheless, searching for a unified cosmic evolution still remains as one of the interesting
topics in current cosmological research. The motivation of the current work is something similar. Here we consider the
bulk viscous process in general relativity and try to see how the universe evolution could be mimicked and moreover
how much the scenarios might be viable in respect to the current observational data.
Recently, this bulk viscous phenomena (see, for instance, [7–10] for a detailed description) got considerable interest
since this dissipative mechanism in the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) space-time is able to explain
the inflation [11, 12] and the current cosmic acceleration [13, 14]. Moreover, it was found that the cosmology of bulk
viscous mechanism can unfiy both accelerating phases respectively in early and late times (see [15] for a review),
where essentially the universe starts with an unstable de Sitter solution (early accelerated phase) and ends in a stable
one (current accelerating phase). We note that early time acceleration could not always represent an inflationary
scenario, for instance, the early time acceleration proposed in current models does not correspond to an inflationary
phase [16].
In this work we have considered a spatially flat FLRW universe endowed with bulk viscous mechanism. Additionally,
we consider a perfect fluid with linear equation of state. In connection with that it is very reasonable to note that a
non-vanishing matter creation rate is dynamically equivalent to an effective bulk viscous pressure but however, both
the formalisms are thermodynamically different [17]. Thus, in this work we offer a section on the thermodynamics
of the bulk viscous process. Our analysis shows that the model provides with a nonsingular background (without
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2the big bang singularity) that at early times, depict an inflationary phase which ends in a sudden phase transition in
order to produce enough particles to reheat the universe, and at late times, the model renders an accelerated universe.
With such nonsingular background, using the reconstruction method, we find the inflationary quintessential potential
which at early times, predict a spectral index of scalar cosmological perturbations with running and its corresponding
ratio of tensor to scalar perturbations that fit well with recent observational data. Moreover, these potentials have an
absolute minimum at the corresponding de Sitter solution, meaning that the de Sitter solution is a late time attractor,
and thus, the background will depict the current cosmic acceleration.
We have organized the work in the following way: In section 2 we have shortly described the bulk viscous cosmology
in the flat FLRW universe. Then in section 3, introducing the model, we analytically solved the background and
discussed its dynamical behavior. Further, in section 4, we explicitly describe the equivalent field theoretic description
of the bulk viscous universe and elaborately discussed the inflationary phase. Next in section 5, we have shown the
present model is consistent with the thermodynamics of the universe. Finally, we have summarized our results in
section 6.
We note that the units used throughout the paper have been set as ~ = c = 8piG = 1.
2. BULK VISCOUS COSMOLOGY
In this section we shall describe the gravitational equations for a bulk viscous universe in a spatially flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) geometry. The line element for the FLRW geometry is given by
ds2 = −dt2 + a2(t)
[
dr2 + r2
(
dθ2 + sin2 θ dφ2
)]
,
where a(t) is the expansion scale factor of the universe. In cosmology, the simplest effective way to incorporate the bulk
viscosity is to use Eckart theory [18] (see also [7–10]), in which the pressure p is actually replaced by p¯ = p− 3Hξ(t),
where ξ(t) > 0, is the so-called coefficient of bulk viscosity [19], which in general could be a function of any cosmic
variable or constant. Now, in this flat FLRW spacetime, the classical Friedmann and Raychaudhuri’s equations are
modified as
ρ = 3H2, H˙ = −1
2
(p+ ρ) +
3
2
Hξ(t), (1)
where ρ is the energy density of the universe. One can show that the inclusion of such bulk viscosity is equivalent to
an inhomogeneous equation of state that can be derived from the context of general relativity, or modified gravity, for
instance the f(R) gravity or even from the braneworld scenario, and consequently, one finds that the inhomogeneous
equation of state takes the form [15, 20–22]
p¯ = p− g(t, a(t), H, H˙, ...) (2)
where g(t, a(t), H, H˙, ...) is any arbitrary continuous function of the prescribed variables. One can see that for
g(t, a(t), H, H˙, ...) = 3Hξ(t), the bulk viscous cosmology is recovered. However, there is no such specific rule for the
choices for the bulk visocus coefficient ξ(t), or equivalently, the function g(t, a(t), H, H˙, ...). We recall some earlier as
well as latest investigations [11, 12, 23–25] where the inflationary solutions have been discussed for different choices
for ξ(t). In addition, the late cosmic acceleration can also be achieved in this context [13–15]. For a comprehensive
discussions on the cosmology of bulk viscous models, we refer to a recent review [26]. In principle, although the
models for the bulk viscous cosmology are motivated from the phenomenological ground, but its equivalence to an
inhomogeneous equation of state makes it appealing. In this work we shall restrict ourselves to ξ(t) ≡ ξ(H), that
means we shall neglect the possibilities of the derivative terms of H.
Now, assuming that the universe is filled with a barotropic fluid with Equation of State (EoS): p = (γ − 1)ρ
(1 ≤ γ ≤ 2), where the dimensionless parameter γ has been chosen to be greater or equal to 1, in order to have a
non-negative pressure. Hence, Raychaudhuri’s equation can be written as
H˙ = −3
2
(1 + weff (H))H
2, (3)
where we have introduced the effective EoS parameter as
weff (H) ≡ −1− 2H˙
3H2
= −1 + γ
(
1− ξ(H)
γH
)
. (4)
3Note that, equation (3) is equivalent to the standard Raychaudhuri’s equation for a non-linear EoS of the form
p = (γ − 1)ρ−
√
3ρξ
(√
ρ
3
)
. (5)
However, one may find the nature of weff (H) after taking a cosmic time differentiation as
w˙eff (H) = −3γ
2
(
1− ξ(H)
γH
)[
ξ(H)−Hξ′(H)
]
(6)
where the prime stands for the differentiation with respect to H. So, weff could be an increasing function or a
decreasing function depending on the nature of the terms. We note that for ξ(H) =constant, say ξc, the nature of
the function weff is completely determined.
Now in order to account for both accelerating phases, it is reasonable to ask whether ξ(H) may allow two de Sitter
solutions where necessarily one of them will be an attractor and the other one must be a repeller. Precisely, whatever
the form for ξ(H) is chosen, the equation 1 + weff (H) = 0 should have two positive roots, namely H+ > H−,
that will correspond to different de Sitter solutions. Effectively, when 1 + weff (H) = 0, the equation (3) becomes
H˙ = 0, meaning that the roots H± of 1 + weff (H) = 0, correspond to the solutions H(t) = H± of (3), and thus,
for these solutions the scale factor becomes a±(t) = a±eH±t, which depict two de Sitter solutions. When H+,
which eventually could be +∞, is the repeller and H− is an attractor, we will have a nonsingular background with
weff (H) > −1, that starts at H+ and ends at H−, depicting an accelerated universe at early and late times. This is
a candidate to depict our universe. However, to check its viability, one has to show that at early times, this acceler-
ated phase is an inflationary one. That means we need to check the viabilities of the model from the observational data.
3. THE MODEL AND ITS DYNAMICAL ANALYSIS
As dicussed in section 2, the equivalence between bulk viscosity and the inhomogeneous equation of state enables
us to consider several phenomenological expressions to construct different universe models. On the other hand, the
bulk viscous process is equivalent to an open cosmology in presence of gravitational particle production [27]. We
make a note that, although the gravitational equations for both bulk visocus models and particle creation models are
equivalent but both the processes are thermodynamically different [17], as already mentioned. We consider a typical
choice for the bulk viscous coefficient which has the following expression [28]
ξ(H) = −ξ0 +mH + n
H
, (7)
where ξ0, m and n are some positive parameters with the condition that ξ(H) > 0 which is a consequence of the
entropy growth in irreversible processes of energy dissipation (see section 49 of [29]). It is clear that the above form of
the bulk viscous coefficient (7) represents a generalized model since the particular models, namely, ξ(H) = constant
[13], ξ(H) ∝ H [13] and for ξ(H) ∝ 1/H, can be recovered as special cases. Now, using the condition of ξ(H) > 0,
then taking into account its minimum achieved at
√
n
m , its positivity condition is satisfied when
ξ20
4m ≤ n. We now
concentrate on the dynamical analysis of the model (7). Using the Friedmann equations in (1) for this bulk viscous
model, one arrives at
H˙ = F (H) =
3
2
[
(m− γ)H2 − ξ0H + n
]
(8)
which is a first order differential equation and the dynamics of the universe can be obtained from the analysis of the
fixed points of this equation. Interestingly enough, the 1-dimensional system characterized by Eq. (8) is a property
that appears also in f(T ) gravity, see [30] (especially Eq. (3.1) of [30]). Now, solving the equation (8), for H˙ = 0,
one can obtain the fixed points of (8). That means, if H∗ is a fixed point of (8), then F (H∗) = 0, i.e. H∗ is a root
of F (H). At the nonzero fixed points, it is evident that the FLRW metric describe the de Sitter universes. Now, the
stability of a particular fixed point H∗ depends on the sign of the quantity dF (H)/dH calculated at that particular
point. More precisely, if dF (H)/dH < 0 at H = H∗, then H∗ is asymptotically stable, also known as attractor,
meaning that all the solutions near H = H∗ approach asymptotically to it at very late times, while on the other hand
if dF (H)/dH > 0 at H = H∗, then the fixed point is unstable and it is known as a repeller, meaning that at very
4early times all the solutions near H = H∗ move away from it. Now for the current model in (7), solving the dynamical
equation (8), the fixed points, i.e., the de Sitter solutions are
H± =
ξ0
2(m− γ)
(
1±
√
1 +
4(γ −m)n
ξ20
)
. (9)
One can notice that in order to have two real fixed points, we must have 1 + 4(γ−m)n
ξ20
> 0 and indeed H± > 0, since
we have considered the expanding branch of the universe. To perform the dynamical analysis we consider the first
possibility of ξ0 > 0 and we have the following regions namely,
(i) R1 = {(m,n) : m− γ ≥ 0, n > 0, 1 + 4(γ−m)nξ20 > 0} where 0 < H− < H+. Here H+ is a repeller while H− is an
attractor.
(ii) R2 = {(m,n) : m− γ ≤ 0, n < 0, 1 + 4(γ−m)nξ20 > 0} where H+ < H− < 0. Here H+ is a repeller while H− is an
attractor.
We also consider the second possibility when ξ0 < 0. In that case we have the following regions:
(iii) R3 = {(m,n) : m− γ ≥ 0, n > 0, 1 + 4(γ−m)nξ20 > 0} where H+ < H− < 0. Here, H+ is an attractor and H− is a
repeller.
(iv) R4 = {(m,n) : m− γ ≤ 0, n < 0, 1 + 4(γ−m)nξ20 > 0} where 0 < H− < H+. Here H+ is an attractor while H− is
a repeller.
From this analysis, we can infer that the fixed points for which one gets a nonsingular dynamics without the big
bang singularity in addition to have two accelerated phases of the universe, one at early times, and one at late-times
(current accelerating phase), we must have two fixed points H+ and H− with 0 < H− < H+ so that H+ is a repeller
and H− becomes an attractor. Thus, one can see that such possibility may happen if parameters ξ0, m and n belong
to the following domain of R3
W = {ξ0 > 0,m ≥ γ, n > 0, and 4(γ −m)n
ξ20
> −1}. (10)
Moreover, since at the critical points weff = −1, one will have a universe starting and ending in an accelerated
phase. This is the main result of this work since the mechanism of bulk viscous cosmology in the flat FLRW universe
can successfully generate two successive accelerating phases in a huge time gap with a nonsingular background.
Assuming that, n  ξ20 min
(
m− γ, 1m−γ
)
, one obtains H+ ∼= ξ0m−γ , H− ∼= nξ0 , with 0 < H−  H+, and conse-
quently, the universe could start at very high energies and ends at low ones. In particular, for m = γ, one has H+ =∞,
but there is no big bang singularity (a singularity at early finite time), because in that case, H˙ = − 32 (ξ0H−n), which
for large values of H gives
H˙ ∼= −3
2
ξ0H ⇐⇒ H(t) ∼= Hie− 32 ξ0(t−ti), (11)
meaning that H diverges only when t = −∞.
In fact, for our model, the Raychaudhuri equation (3) can be analytically solved for m > γ as
H(t) =
H+e
− 34 (H+−H−)(m−γ)t +H−e
3
4 (H+−H−)(m−γ)t
2 cosh
(
3
4 (H+ −H−)(m− γ)t
) , (12)
and
H(t) = ξ0e
− 32 ξ0t +
n
ξ0
, (13)
for m = γ, and it is evident that for t → ∞, H tends to a constant value, that means an exponential expansion
should happen. In fact, from equation (12), since limt→±∞ = H∓, we can deduce that the Hubble parameter evolves
from H+ to H−, i.e. at very early times the universe leaves the de Sitter phase with H = H+ and at late times
5FIG. 1: The evolutions for the Hubble rate (12) and the effective equation of state for this Hubble rate have been shown for
different values of γ, respectively in the left and right panels of this figure. The common parameters belong to W of (10). One
may notice that the effective equation of state shown in the right panel of this figure starts from weff = −1 at the very early
evolution of the universe and as t increases, it approaches toward the cosmological constant boundary.
enters, asymptotically, once again in a de Sitter phase given by H = H−, and the same happens with the equation
(13), where the Hubble parameter evolves from ∞ to nξ0 . In the left panel of Fig. (1), we show the evolution of the
Hubble parameter (12) for different values of γ with the parameters from W in (10). The right panel of Fig. 1 shows
the effective equation of state for this Hubble rate using the same values of γ and the parameters from the same
domain. One can see that the effective equation of state (right panel of Fig. 1) starts at very late times (t = −∞)
from weff = −1 and it approaches asymptotically at late times toward weff = −1.
In the following we shall establish an equivalent field theoretic description of this bulk viscous universe aiming to
account of both early and late accelerated universe through a single scalar field potential.
4. INFLATIONARY QUINTESSENTIAL POTENTIAL: ONE POTENTIAL CONNECTING TWO
DISTINCT PHASES
In this section we shall consider a scalar field ϕ with potential V (ϕ) that is minimally coupled to gravity and
then and we will see under which conditions a scalar field could mimick the dynamics of a perfect fluid with bulk
viscosity in order to provide viable backgrounds that could depict our universe correctly 1. Thus, in a flat FLRW
universe, the energy density and the pressure of the scalar field are repsectively calculated as ρϕ =
1
2 ϕ˙
2 + V (ϕ),
pϕ =
1
2 ϕ˙
2 − V (ϕ). To show the equivalence with the bulk viscous system (1), we perform the replacement ρ −→ ρϕ,
and p − 3Hξ(H) −→ pϕ, to recover the standard Friedmann and Raychaudhuri equations for a universe filled by an
scalar field
3H2 = ρϕ, 2H˙ = −ϕ˙2. (14)
Note that, since the equations in (14) are the usual equations for a single scalar field, that means the dynamics
driven by a fluid with bulk viscosity with an effective EoS parameter greater than −1, could be mimicked by a single
scalar field in the context of General Relativity.
1 We note that hydrodynamical perturbations is not compatible to provide a suitable description for primeval perturbations ((see [31] for
a detailed discussion)) since during the inflationary period, one has p¯ = (γ − 1)ρ− 3Hξ(H) ∼= −ρ, and thus, the square of the velocity
of sound, which appears in the Mukhanov-Sasaki equation [32, 33], could approximately becomes c2s ≡ p˙ρ˙ ∼= −1. Thus, Jeans instability
appears for modes well inside the Hubble radius. But for scalar field theory, one always has c2s = 1. This is an essential reason why the
dynamics of a hydrodynamical fluid is tried to mimick with scalar field descriptions.
6Combining the Friedmann and Raychaudhuri equations (1), (3) and (14), one easily obtains
ϕ˙ =
√
−2H˙ =
√
3γH2
(
1− ξ(H)
γH
)
, (15)
V (ϕ) =
3H2
2
[
(2− γ) + ξ(H)
H
]
. (16)
Now, performing the change of variable dt = dH
H˙
, the equation (15) becomes ϕ = − ∫ √− 2
H˙
dH =
− 2√
3
∫
dH√
γH2−ξ(H)H , which for our model (7) turns out to be
ϕ = − 2√
3
∫
dH√
(γ −m)H2 + ξ0H − n
, (17)
and when the parameters belong to the domain W , for m < γ one has (see formula 2.261 of [34])
ϕ =
2√
3(m− γ) arcsin
(
2(γ −m)H + ξ0√
ξ20 + 4(γ −m)n
)
, (18)
defined in
(
− pi√
3(m−γ) ,
pi√
3(m−γ)
)
, and when m = γ
ϕ = − 4√
3ξ0
√
ξ0H − n, (19)
which is defined in the domain (−∞, 0).
Finally, isolating H and inserting it in (16), one obtains the corresponding potentials. Once the potential has been
reconstructed, one has the corresponding conservation equation
ϕ¨+
√
3
√
ϕ˙2
2
+ V (ϕ)ϕ˙+ Vϕ(ϕ) = 0, (20)
which is a second order differential equation, whose infinitely many solutions depict different backgrounds, and where
one of them is the solution of (3).
For example, in the simplest case m = γ, one easily obtains
V (ϕ) =
27
256
ξ20ϕ
4 +
9
8
(
n− ξ
2
0
4
)
ϕ2 +
3n2
ξ20
. (21)
Recall that, the positivity of ξ(H) implies
ξ20
4γ ≤ n, and note that, when n ≥ ξ
2
0
4 , the unique minimum of the potential
(21) is achieved at ϕ = 0. On the contrary, when n <
ξ20
4 , the potential has a maximum at ϕ = 0. We also add that for
H− to be an attractor, we should have n ≥ ξ
2
0
4 . Moreover, as the fluid has positive pressure (m = γ ≥ 1), this condition
is compatible with the positivity of ξ(H) because
ξ20
4γ ≤ ξ
2
0
4 , which means that the critical point satisfies H− =
n
ξ0
≥ ξ04 .
Unfortunately, the model we have chosen has two important defaults concerning the slow roll parameter 2, and about
the reheating of the universe 3.
However, the problmes can be easily overpassed with the introduction of a phase transition at early times when
the universe ceases to accelerate. More precisely, we will choose the phase transition when the universe is stiff matter
dominated, i.e., it enters in a deflationary phase [35]
2 As we well see, the main slow-roll parameter is of the order ξ0
H
, this means that, in order to match with current observational data, the
observable modes must leave the Hubble radius at scales of the order H ∼ 103ξ0 ≤ 103H−. However, since H− has to be close to the
current value of the Hubble parameter, the condition H ≤ 103H− is compatible with the fact that the observational modes must leave
the Hubble radius at high energy densities (few orders below Planck’s one).
3 There is no mechanism to reheat the universe, because neither oscillations nor abrupt phase transitions at high scales, that breakdown
the adiabaticity to produce enough amount of particles that thermalize the universe after inflation, occur in that models.
7Taking γ = 2⇐⇒ p = ρ, n = ξ208 =⇒ ξ(H) ≥ 0, our continuous coefficient of bulk viscosity is improved as follows
ξ(H) =
{
−ξ0 + 2H + ξ
2
0
8H , for H ≥ HE
ξ1, for H ≤ HE ,
(22)
where 0 < ξ1  ξ0, and HE = 14 (ξ1 + ξ0)
(
1 +
√
1− ξ20(ξ1+ξ0)2
)
∼= ξ04 . The corresponding potential has the form
V (ϕ) =
{
27ξ20
256
(
ϕ2 − 23
)2
, for ϕ ≤ ϕE
3
2H(ϕ)ξ1, for ϕ ≥ ϕE ,
(23)
where ϕE = −
√
2
3
√
8HE
ξ0
− 1 ∼= −
√
2
3 , and
H(ϕ) =
A2e−
√
3
2 (ϕ−ϕE) + ξ21e
√
3
2 (ϕ−ϕE)
8A
+
ξ1
4
∼= ξ0
4
e−
√
3
2ϕ+1 +
ξ21
16ξ0
e
√
3
2ϕ+1 +
ξ1
4
, (24)
with A ≡ 2√4H2E − 2ξ1HE + 4HE − ξ1 ∼= 2ξ0. It should be noted that eq. (23) depicts an one dimensional Higgs
potential (also known as Double Well Inflationary potential [36, 37]) which describes an early inflationary era plus an
exponential potential responsible for the current accelerating phase.
Now, the corresponding conservation equation (20) provides backgrounds that could depict our universe, and one
of them is the solution of the Raychaudhuri equation (3)
H(t) =

(
HE − ξ08
)
e−
3ξ0
2 (t−tE) + ξ08 , for t ≤ tE ,
ξ1
2 HE
HE−(HE− ξ12 )e−
3ξ1
2
(t−tE)
, for t ≥ tE ,
(25)
where tE is the phase transition time. One can solve the scale factor as
a(t) =
 aEe
ξ0
8 (t−tE)e
− 23ξ0 (HE−
ξ0
8 )
[
e−
3ξ0
2
(t−tE)−1
]
, for t ≤ tE ,
aE
∣∣∣HEe 3ξ12 (t−tE)−(HE− ξ12 )ξ1/2 ∣∣∣ , for t ≥ tE , (26)
Finally, at late time, one can see that the system has a critical point at H− = ξ12 ⇐⇒ ϕ = ϕE +
√
2
3 ln
(
A
ξ1
)
. It is
easy to see that H− is an attractor because, applying the chain rule to Vϕϕ at this critical point, one finds that
Vϕϕ = −3ξ1
2
ϕHH
ϕ3H
=
9
16
(4H− − ξ1) = 9ξ1
16
> 0, (27)
which implies that the potential has a minimum at the critical point, and consequently, it is an attractor.
The following remark is in order: When one considers the case m & γ = 43 , and assumes a phase transition as in
the model (22), the bulk viscous Raychaudhuri equation (3) leads to a nonsingular solution that starts at H+ ∼= ξ0m− 43
and ends at H− = ξ12 . Then, the corresponding quintessential inflationary potential will have a maximum at H+
(unstable) and a minimum at H− (attractor), that is, some backgrounds (models which, at early time, are close to
our nonsingular background (25)) given by (20), leave the de Sitter phase H+ at early-times, and suffer a sudden
phase transition when the universe starts to decelerate, and finally, enters into the stable de Sitter phase H−. In
fact, the shape of the potential can easily be imagined: From equation (18), one can deduce that, before the phase
transition (ϕ < ϕE), the potential has a sinusoidal form with period
4pi√
3m−4 , and after the phase transition, it has
the same shape as (23).
8As during the early evolution of the universe, our background (25) satisfies weff (H) ∼= −1 (i.e. quasi de Sitter),
thus, in order to check whether such background leads to a power spectrum of cosmological perturbations that fit well
with current observational data [38], we introduce the slow roll parameters [39]:
 = − H˙
H2
, η = 2− ˙
2H
, (28)
that allow us to calculate the spectral index (ns), its running (αs) and the ratio of tensor to scalar perturbations
(r), respectively as, ns − 1 = −6 + 2η, αs = Hn˙sH2+H˙ , r = 16. At early times, i.e., when H > HE , introducing
the notation x ≡ 3ξ02H , one has  = x
(
1− x12
)
, η =  + x2 , and as a consequence, ns − 1 = −3x + x
2
3 . Conversely,
x = 92
(
1−
√
1− 4(1−ns)27
)
. Then, given the observational values of the spectral index, one can obtain the range of x.
From the estimation of the inflationary parameters by Planck’s team (see table 5 of [38]), we find the spectral index
at 1σ Confidence Level (C.L.) to be ns = 0.9583±0.0081, which means that, at 2σ C.L., one has 0.0085 ≤ x ≤ 0.0193,
and thus, 0.1344 ≤ r = 16 ≤ 0.3072. We notice that when the running is disregarded, the tensor-to-scalar ratio,
r, for this model is large in compared to the latest observations from Planck 2013 (r < 0.11 at 95.5% CL) [38] and
Planck 2015 (r < 0.12 at 95.5% CL) [40]. However, our model (25) leads to a negative theoretical value of the running
αs ∼= − 3x1− , which at the scales we are dealing with, is constrained to be −7×10−4 ≤ αs ≤ −2×10−4, entering in the
1-dimensional marginalized 95.5% C.L., because the observational data [38] provide αs = −0.021± 0.012. Therefore,
when the running is allowed, the PLANCK+WP 2013 (see table 5 of [38]) data constrain r ≤ 0.25 at 95.5% C.L.,
thus, when 0.0085 ≤ x ≤ 0.0156, our model leads to a spectral index and running belonging to the 1-dimensional
marginalized 95.5% C.L., and to a theoretical value of the ratio of tensor to scalar perturbations satisfying r ≤ 0.25
at 95.5% C.L. One can see that  = 1, can be treated as the phase when the universe is just about to start its
decelerating phase from the inflation 4. The number of e-folds, namely, N(H), could be calculated using the formula
N(H) = − ∫H
Hend
H
H˙
dH, leading to
N(x) =
1
x
− 1
xend
+
1
12
[
ln
(
12− x
12− xend
)
+ ln
(xend
x
)]
, (29)
where xend is the value of the parameter x when inflation ends, and xend = 6(1 −
√
2/3) ∼= 1.1010. The values of
x which allow to fit well with the theoretical values of the inflationary parameters, namely, the spectral index, its
running and the tensor/scalar ratio with their observable values, we obtain 64 ≤ N(x) ≤ 117.
To determinate the value of ξ0, one has to take into account the theoretical [39] and the observational [41] value
of the power spectrum P ∼= H28pi2 = 9ξ
2
0
32pi2x2 =
9ξ20
4pim2plx
2
∼= 2× 10−9, where we have explicitly introduced the Planck’s
mass, which in our units is mpl =
√
8pi. Using the values of x in the range [0.0085, 0.0156], one easily finds that,
4 × 10−8mpl ≤ ξ0 ≤ 10−7mpl. Thus, summing up, the observable modes that in our model leave the Hubble radius
at scales 6 × 10−12ρpl . ρ = 3H
2m2pl
8pi . 10−11ρpl, where ρpl = m4pl is the Planck’s energy density leading to a power
spectrum that fit well with current observable data.
Let us now consider the gravitational particle production. Due to an abrupt phase transition, the production of
light χ-particles become nearly conformally coupled with gravity [42]. Their energy density will be given by [43]
ρχ =
1
(2pia)3 a
∫ ∞
0
k|βk|2d3k, (30)
where the frequency ωk(t) =
√
k2 +M2a2(t), of the produced particles in the k-mode has been approximated by k,
because we are dealing with light particles (M  1), and the βk-Bogoliubov coefficient is given by [44, 45]
βk ∼=
i(ξ˜ − 16 )
2k
∫ ∞
−∞
e−2ikτa2(τ)R(τ)dτ, (31)
4 Using the definition of the slow roll parameter , the effective equation (4) becomes weff (H) = −1 + 23 . Now, if one assumes that for
 = 1, slow roll ends, that means alternatively we have weff (Hend) = − 13 , where Hend be the value of the Hubble parameter when the
slow roll ends, then it further means that the condition  = 1 can be treated as the phase when the universe is just about to start its
decelerating phase.
9where R = 6(H˙ + 2H2) is the scalar curvature, τ is the conformal time, ξ˜ being the coupling constant, and we have
chosen ξ1 = 0 in order to ensure the convergence of (31).
Applying integrating by parts twice in Eq. (31), we have βk ∼ O(k−3), this means the energy density of the produced
particles is not ultra-violet divergent (this is due to the fact that the coefficient of bulk viscosity is continuous during
the phase transition [42]). Moreover, βk = (ξ˜ − 16 )f( kaEξ0 ), where f is some function, and aE is the value of the scale
factor at the phase transition time. Then, choosing for instance 5, ξ˜− 16 ∼ 10−1, one obtains that the energy density of
the produced particles is of the order ρχ ∼ 10−2N ξ40
(
aE
a
)4
, where N ≡ 12pi2
∫∞
0
s3f2(s)ds, is a dimensionless quantity
of order 1 .
After the phase transition, at first, these particles will interact with each other exchanging gauge bosons and
constitute a relativistic plasma that thermalises our universe [35, 46] before it was radiation dominated. Further,
the background in our model in a deflationary stage, means that the energy density decays as a−6, and on the other
hand, the energy density of the produced particles decreases as a−4. Eventually, the energy density of the produced
particles must dominate and the universe will become radiation dominated which matches with the hot Friedmann
universe. The universe will expand, as well as, it will cool, as a result, the particles will be non-relativistic in nature,
and hence, the universe enters into a matter dominated phase, essential for the grow of cosmological perturbations,
and finally, only at very late time, when H ∼ ξ1, scalar field comes back to start the cosmic acceleration.
The reheating temperature, TR, is defined as the temperature of the universe when the energy density of the back-
ground and the energy density the produced particles are of the same order (ρ ∼ ρχ). Now, as ρχ ∼ 10−2N ξ40
(
aE
a
)4
,
and ρ ∼ 7 × 10−3ξ20m2pl
(
aE
a
)6
, thus, one may find aEa(tR) ∼ 10−1
√N ξ0mpl , and hence, one finds that TR ∼ ρ
1/4
χ (tR) ∼
10−1N 34 ξ20mpl ∼ 103N
3
4 GeV ∼ 103 GeV , which is below the GUT scale (1016 GeV), meaning that the GUT symme-
tries are not restored preventing a second monopole production stage. Moreover, this also guaranties the standard
successes with nucleosynthesis, because it requires a reheating temperature below 109 GeV [47, 48].
Lastly, we follow [35, 46] to calculate temperature at the equilibrium phase. The interaction rate, Γ, is given by
Γ = nχσ, where the cross section of scattering is σ ∼ α2¯2 where α is a coupling constant, and ¯ ∼ HE
(
aE
a
)
is the
typical energy of a produced particle, and the energy density of the produced particles is given by [43]
nχ =
1
(2pia)3
∫ ∞
0
|βk|2d3k ∼ 10−2Mξ30
(aE
a
)3
, (32)
where M≡ 116pi
∫∞
−∞ a
4(τ)R2(τ)dτ , is also a dimensionless quantity of order 1.
Now, since the thermal equilibrium is achieved when Γ ∼ H(teq) = HE
(
aE
aeq
)3
(Recall that, for our model, this
process is produced in the still fluid era), and when the equilibrium is reached one has aEaeq ∼ αM
1
2 , hence, the equilib-
rium temperature is found to be Teq ∼ N 14M 12αξ0. Therefore, we have Teq ∼ (1011 − 1012)N 14M 12α GeV. Choosing
as usual α ∼ (10−2−10−1) [35, 46], one has the following equilibrium temperature, Teq ∼ (109−1011)N 14M 12 GeV ∼
(109 − 1011) GeV .
5. THERMODYNAMICS OF BULK VISCOUS COSMOLOGY
Thermodynamics plays a crucial role in investigating any cosmological model. The viabilities of any cosmological
model depends on its thermdoynamical properties. To investigate the themrodynamical laws associated to any cos-
mological model, one assumes the universe to be a thermodyamical system bounded by some cosmological horizon
and the total matter of the universe is enclosed within a comving volume of a radius not exceeding the cosmological
horizon mentioned above. The idea of such cosmological horizon was originated from the black hole thermdoynamics,
and interestingly, the thermodynamical properties that hold for a black hole are also valid for a cosmological horizon
[49–51]. Moreover, it is quite riveting that the first law of thermodynamics which holds for the black hole horizon
can be derived from the first Friedmann equation for the FLRW geometry in which the universe is bounded by an
apparent horizon. In what follows, the choice of an apparent horizon as the cosmological horizon provides a good
motivation to investigate the thermdoynamical laws for any cosmological model under consideration. The radius of
the apparent horizon for the FLRW universe can be calculated as rh =
(
H2 + k/a2
)−1/2
[52]. Thus, for k = 0 (the
5 Let us make a note that we are dealing with nearly conformally coupled particles.
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flat FLRW universe) the radius becomes rh = 1/H, which is the so-called Hubble horizon. Now, the natural tendency
of systems, here the cosmological model, is to evolve toward an thermodynamic equlibrium phase is governed by its
entropy, S, where the entropy should satisfy the following two properties, namely that the entropy of the system
should be non-decreasing with the evolution of the universe, that means, S˙ ≥ 0 (the overdot represents the cosmic
time differentiation), and it is known as the second law of thermodynamics. Secondly, the entropy should be convex,
that is, S¨ < 0, which is the condition for equilibrium [53]. The entropy is contributed from the entropy of the apparent
horizon and the entropy of the fluid bounded by the horizon. So, S = Sh + Sf , where Sh, Sf denote the entropies of
the apparent horizon and the fluid respectively. The entropy of the apparent horizon is found to be Sh = kBA/4 l2pl,
where kB is the Boltzmann’s constant, lpl =
√
1/8pi is the Planck’s length in our units; A = 4pir2h, is the horizon area.
We assume that temperature of the apparent horizon is Hawking temperature which is TA = 1/2pirh = H/2pi [54–59].
Now, for the present bulk viscous model, since we found that the model has a nonsigular structure together with two
successive accelerating phase, thus, it will be worth to examine whether the model attains an equlibrium phase in
its long run. In order to do so, let us differentiate Sh with respect to the cosmic time and using the Friedmann and
Raychaudhuri equations, one arrives at
S˙h = −
(
2pikB
l2plH
3
)
H˙ =
3pikB
l2plH
γ
(
1− ξ(H)
γH
)
, (33)
Now, we recall the Gibb’s equation for the fluid which relates the thermodynamic quantities associated with the fluid
in the following way
TdSf = d(ρ V ) + pdV, (34)
where V = 4pir3h/3 is the volume of the region surrounded by the radius rh, and T is the fluid temperature which is
equal to TA. We note that the temperature of the fluid should be equal to that of the horizon temperature so that no
effective flow of the fluid is found toward the horizon. Now, introducing the cosmic time in the above equation (34)
S˙f = −8pi2 (3γ − 2) H˙
H2
=
12 γ pi2
H
(
1− ξ(H)
γH
)
(3γ − 2). (35)
Since 1 ≤ γ ≤ 2, we must have that 3γ − 2 > 0. Since in the quintessence era, H˙ < 0, thus it is easily seen that
S˙h > 0, and S˙f > 0. Hence, (S˙h + S˙f ) > 0, which implies that the entropy is always increasing with the increase
of the cosmic time. Now let us consider the second order derivatives of the entropies in order to see the equilibrium
condition. Now, differentiating (33) with respect to the cosmic time, we find
S¨h =
3pikB
l2pl
H˙
H3
(
γH −Hξ′(H)− 2γH + 2ξ(H)
)
=
3pikB
l2pl
H˙
H3
(
(m− γ)H − 2ξ0 + 3n
H
)
, (36)
and similarly, differentiating (35) using the cosmic time, one gets
S¨f = 12pi
2 (3γ − 2) H˙
H3
(
γH −Hξ′(H)− 2γH + 2ξ(H)
)
= 12pi2 (3γ − 2) H˙
H3
(
(m− γ)H − 2ξ0 + 3n
H
)
. (37)
Now, one can check the condition for equilibrium for this model from the condition S¨ = S¨h + S¨f . Thus, using the
previous two equations (36) and (37), one finds that
S¨h + S¨f =
(
3pikB
l2pl
+ 12pi2 (3γ − 2)
)
H˙
H3
(
(m− γ)H − 2ξ0 + 3n
H
)
(38)
One may notice that since 1 ≤ γ ≤ 2, thus the quantity
(
3pikB
l2pl
+ 12pi2 (3γ − 2)
)
is always positive. Hence, the
equilibrium condition is determined by the quantity
[
(m− γ)H − 2ξ0 + 3nH
]
. Now, let us calculate the quantities in
equations (36) and (37) near the attractor (H−) and the repeller (H+) critical points. It is easy to see that
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(
(m− γ)H − 2ξ0 + 3n
H
)
H=H−
= ξ0
√
1 +
4(γ −m)n
ξ20
> 0, as (ξ0,m, γ, n) ∈W (39)
and (
(m− γ)H − 2ξ0 + 3n
H
)
H=H+
= −ξ0
√
1 +
4(γ −m)n
ξ20
< 0, as (ξ0,m, γ, n) ∈W (40)
Thus, considering (38) for the quantities given in equations (36) and (37) for H˙ < 0 (equivalently, the non-phantom
fluids, see the Raychaudhuri equation (14)) one can derive the equilibrium conditions for the current bulk viscous
model at the fixed points H− (attractor) and H+ (repeller) and these lead to the following results:
(
S¨h + S¨f
)
H→H−
< 0 (Equilibrium condition), (41)
and
(
S¨h + S¨f
)
H→H+
> 0 (Non-equilibrium condition). (42)
That means, the model tends toward a thermodynamic equilibrium phase as H → H− while for H → H+, the model
shows the non-equilibrium tendency.
Now, we introduce the quantum corrections to Bekenstein-Hawking entropy law which enables us to generalize the
black hole horizons as [60]
Sh = kB
[
A
4l2pl
− 1
2
ln
(
A
l2pl
)]
, (43)
including some higher order corrections [61, 62]. We assume that this definition holds good to the cosmic apparent
horizon [60], and one may check how the change in entropy occurs, that means now whether the equlibrium condition
is reached or not. Thus, using one time cosmic time differentiation in eqn. (43) we have
S˙h =
kB
l2pl
H˙
H
(
− 2pi
H2
+ l2pl
)
. (44)
Now, since H˙ < 0, then S˙h is positive for H <
√
2pi
lpl
, that means when the universe leaves the very early phase (i.e.
Planck stage) and enters into the clasical stage, then S˙h > 0, i.e. entropy is increasing implies the validity of the first
law of thermodynamics. Now, the second derivative of entropy gives
S¨h = −3γkB
2l2pl
H˙
[(
1− ξ
′(H)
γ
)(
− 2pi
H2
+ l2pl
)
+
(
H − ξ(H)
γ
)
4pi
H3
]
= −3γkB
2l2pl
H˙
[
l2pl +
2pi
H2
(
1− 2ξ(H)
γH
)
+
ξ′(H)
γ
(
2pi
H2
− l2pl
)]
(45)
Now, near the attractor point, the above expression can be approximated as
S¨h(H → H−) ' 3piγkBH˙
l2plH
4−
[
(m− γ)H2− − 2ξ0H− + 3n
]
(46)
which is negative since H˙ < 0 and the quantity inside the third brace is positive that follows from (39). That means,
near the attarctor point, entropy is convex. This implies the present bulk viscous model is in agreement with the
thermodynamics of the universe, and even the laws hold when the Bekenstein-Hawking correction is also accounted.
So, the choice of ξ(H) = ξ0 +mH +
n
H , is consistent with the thermodynmical laws and the universe asymptotically
attains the thermodynmaical equilibrium.
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6. SUMMARY
In the context of general relativity, in this work, we have discussed the cosmological solutions for a spatially flat
FLRW universe driven by some bulk viscous pressure where the background matter has a perfect fluid description
with non-negative pressure. Such a cosmological scenario has an equivalent description in terms of an inhomogeneous
equation of state as discussed in some earlier works [15, 20–22]. The cofficient of bulk viscosity, ξ(t), could in general
be a function of the scale factor, Hubble parameter of the FLRW universe and also the derivatives of the Hubble
parameter, in principle. Thus, there is no such strict restriction on the choice of the bulk viscous models. In fact,
it has been found that for different phenomenological choices for ξ(t), the early inflationary [11, 12, 23–25] and
late cosmic acceleration [13–15] can be explained. Thus, the search for a new bulk viscous model unifying both
the accelerating regimes is indeed an interesting idea in this direction. In order to do so we propose a simple bulk
viscous model that only depends on teh FLRW Hubble rate H with the expression ξ(H) = −ξ0 +mH + n/H (where
(ξ,m, n) ∈ R3). This model is interesting in the sense that it recovers some simple models with ξ(H) = constant,
ξ(H) ∝ H and ξ(H) ∝ 1/H, as special cases. We solved the Einstein’s field equations for this general bulk viscous
model and performed a dynamical systems analysis. From our analysis, we found that the model predicts two distinct
accelerated phases, one at very early time and other is the current observed accelerating phase. However, the early and
the late accelerating phases are represented by two critical points respectively with repeller and attractor behavior,
that means the universe leaves the early accelerating phase and reaches the current one. Additionally, the model
is singularity free. Further, it is interesting to note that the current bulk viscous model unifying the accelerated
expansions can be mimicked by a single scalar field with a potential which is perfectly analytic and it is a combination
of a one dimensional Higgs potential (that explains the early inflationary expansion) plus an exponential potential
which responsible for the current cosmic acceleration. The potential leads to a power spectrum of the cosmological
perturbations which shows that if the running is disregradred then the tensor-to-scalar ratio, r, for the present model
is slightly high (0.1344 ≤ r ≤ 0.3072) in respect to the estimations from Planck 2013 (r < 0.11 at 95.5% CL) [38] and
Planck 2015 (r < 0.12 at 95.5% CL) [40], but when the running is allowed, the tensor-to-scalar ratio for the model is
constrained to be r ≤ 0.25 at 95.5% CL [38]. After the early accelerating phase, an abrupt phase transition occurs
due to gravitational particle production and the universe is thermalized as a result of this. Consequently, the universe
becomes radiation dominated, and due to its expansion it automatically cools down and enters into the non-relativistic
matter era. Finally, we observe the current acceleration of the universe. We show that the current bulk viscous model
is consistent with the thermodynamics, that means the entropy of the universe is always increasing and it tends toward
a thermodynamic equilibrium in the late de Sitter point which is expected. In fact, the thermodynamics of this bulk
viscous scenario is also consistent when the Bekenstein-Hawking correction is also introduced.
Thus, the present bulk viscous model provides with a thermodynamically consistent cosmological scenario which is
singularity free and produces two successive accelerating phases, namely, the early inflationary (dynamically unstable)
and late (dynamically stable) accelerating phases where the model allows an intermediate hot radiation and cold matter
dominated eras due to an abrupt phase transition with gravitational particle production.
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